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0 shoreline evolution process



1 Brownian motion

Brownian motion (Wiener process) in three-
dimensional space (one sample path shown) is an 
example of an Itō diffusion. (from Wikipedia)

Which is the random movement of 
particles suspended in a fluid or the 
mathematical model used to describe such 
random movements, often called a 
[partical theory]. 



1 Brownian motion --- in stock
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Stock market

Nasdaq

FTSE 100

stock price      follows Black-Scholes model 

is the stock volatility ,      is the 
stock drift, and Bt is a Brownian 
motion. Wt is wiener process
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The mathematical model of Brownian motion has several real-world 
applications. hydraulic, environmental, and biological fields An often quoted 
example is stock marketfluctuations 



1 Brownian motion
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Langevin equation is a stochastic 
differential equationin statistic 
physic describing Brownian 
motion
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1 Brownian motion --- Schemes
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1) Fokker-Planck equation, which provides a deterministic 
equation satisfied by the time dependent probability 
density.( path integration; Numerical; Analytical)

2) numerical solutions to capture the trajectories (Euler)
3) Fully Monte Carlosimulation 
4) Schrödinger equation(quantum mechanics)
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2 One-line coastal recession model
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Only longshore transport component considered as a contribution
The general equation for the deterministic process 
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2 Ito Stochastic shoreline evolution 

model
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Random fluctuations, such as rapid environmental changes, affect
the system through external parameters. Erosion or accretion is a 
complex process consisting of many components such as wave 
storm, tidal, currents, etc. Trying to integrate all these processes 
into a physical model seems to be hopeless. 
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Based on one-line determinstic model, we have 



2 Ito Stochastic shoreline evolution model

With a random variables wave height and boundary condition 

Which is a standard random differential equation with a 
input term and random initial condition

is a Brownian motion in physic, called by Wiener process   

dt

dWt

tW

denotes for a white noise
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w

2/5 HH = mKCD v= 10 ≤≤ vC

The variance is D
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Substitute one-line model to random differential equation, then 

a random process model of shoreline position can be given

Which can be reformulated as 
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Transfer function

Drift term (mean)& random diffusion (variations)
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2 Ito Stochastic shoreline evolution model
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Above equation is equivalent (see Soong, 1973) to the stochastic 
Ito equation 

which  D is the entry of the covariance parameter of the white 
noise process

dt
(9)

2 Ito Stochastic shoreline evolution model
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3 Euler-Maruyama scheme
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In order to obtain the statistical characteristics of shoreline 
position including their mean and variance based on a large 
number of Brownian paths in the numerical experiments for the 
longshore transport. 

Euler-Maruyama scheme (Kloeden et al. 1994) of Ito 
equation (9) can be given by Monte Carlo sampling to obtain 
shoreline trajectory 



4 SDE – Fokker Planck Equation
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It is known that system described by equation (9) has a transition 
PDF (refer to Soong, 1973), satisfies the Fokker-Planck equation

(10)

Therefore the problem of determining the probability density  is
transformed into the problem of solving above partial differential 
equation.

normalization condition
initial and boundary condition



4 results given by numerical model

The behaviour of the model is evaluated by applying it to 
two simple shoreline configurations

1) a single long jetty 2) a rectangular beach nourishment



4 results given by numerical model
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Fig. 7b The coutours of PDF at 80th

Fig. 7a PDF surface varying with time at cell 80

4 Results PDF in 3d space at 80th cell

Seems like water flowing in a river with a gradient slope

The flowin the “river” is not stationary, initially no change due to 
no deposition at the beginning then drift constantly over time



5 Analytical solution on Fokker-Planck
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The numerical solutions of the stochastic models are now more likely to 
be obtained without any unnecessary simplifications. However, this type 
of model might require an intensive computational effort, as the model 
need to solve a parabolic partial differential equation. 
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Under the assumption of small angles 

For special case, a straight impermeable jetty (Larson et. al., 1987)



5 Analytical solution on Fokker-Planck
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we should like to explain its derivative with respect to time 

For a special transect

This transformation of the shoreline change rate at a specified position, 
seems to escalate the complexity of the problem dramatically, actually this 
expression is expected to exhibit more interesting properties in the follow 
stochastic model 



5 Analytical solution on Fokker-Planck
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The best candidate to describe this time varying behavior is assumed to 
follow some variations of Brownian motion with drift process

In the variation of Brownian motion the average over the ensemble of the 
fluctuating force is calculated by deterministic one-line model. The deviation 
represents the average shoreline position uncertainty of the motion. 

Drift term (mean)& random diffusion (variations)



5 Analytical solution on Fokker-Planck
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Ito stochastic differential equation (refer to Soong, 1973; Gardiner, 2004 )

Fokker-Planck equation 

one-dimension second-order equation with linear but time-dependent drift and 
time-dependent diffusion coefficient PDE

)(tu )(tv )(tysince the transfer function and are independent of 

At a specified position, a more promising and alternative exact solution can be 
solved by Lie-Algebra approach (Desai and Zwanzig, 1978; Lo, 2005)



5 Analytical solution on Fokker-Planck
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5 Analytical solution on Fokker-Planck
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5 Analytical solution on Fokker-Planck
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5 Analytical solution on Fokker-Planck
























 +






+














 −






=
a

x

t

a

a

x

t

aY
y F 1

2
erf1

2
erf

2 εε

2

3
0

1
42

3
0

1
4 )(

exp
8

)(
exp

8d

d
2

0
2

0
−


















 +−−

















 −− +−−−= t
xaY

t
xaY

t

y a

x

t

a

Fa

x

t

a

F

εε
εε
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With the possibility of a highly variable wave climate, the difficulties of 
developing accurate predictions of maintenance nourishment requirement are 
not surprising. Stochastic differential equation may provide more qualitative 
information on beach profile relative to maintenance requirements. 



5 Analytical solution on Fokker-Planck
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5 Summary on Analytical scheme
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5 Liouville shoreline evolution model 

Substitute one-line model to random differential equation, then a 
random process model of shoreline position can be given

In order to employ Liouville model Which can be 
reformulated as 
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5 Liouville shoreline evolution model 

Mathematical methods for determining the solution process )(ty

governed by equation (18) are available following Liouville
equation (Syski, 1967; Soong, 1973) 
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5 Liouville Shoreline Evolution model

Eq. (9) can be simplified by a one-dimensional advection 

The probability density flow does not have sources, means 

0/),( =∂∂ ytyη (Shvidler and  Karasaki, 2003) 
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6 Conclusions

• Shoreline random evolution can in principle be treatable using the 
formalism and techniques that are available for solving stochastic 
partial differential equations (SPDE) , probabilistic solution of 
shoreline was transferred to be a deterministic differential equation

• Comparing the results with some other solutions by deterministic or 
stochastic approach, very similar trend and reasonable distributions 
have been predicted. It is shown that the proposed random models can 
reflect the effects of uncertainties of parameters and boundary condition 
on the shoreline position and with further extension can be used for 
predictive purpose



6 Conclusions

If the exact solution in closed form for the other different beach situations 
and the differential term of shoreline change are existed, density 
function can be derived following above solving procedure. 
Additionally, if wave breaking angle is not small, no explicit expression 
on shoreline change rate for this special case, which is hardly solved by 
this analytical approach. 

However, the complexity of beach change implies that results obtained 
from an analytic model should be interpreted with care and with 
awareness of the underlying assumption. Analytic solutions of 
mathematical models can not be expected to provide quantitively
accurate results in situations involving complex boundary conditions 
and complex wave inputs, deriving a non-linear stochastic differential 
equation, in that case, a numerical model of stochastic shoreline 
evolution would usually be more appropriate.
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