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1 Brownian motion

Brownian motion \(Viener proces¥in three- -
dimensional space (one sample path:shown) is an
example of an & diffusion. (from Wikipedia)

Which is the random movement of =~ & ¥ "% § opr—
particles suspended in a fluid or the | :
mathematical model used to describe such
random movements, often called a
[partical theory].




1 Brownian motion --- in stock

The mathematical model of Brownian motion has ssvesal-world
applications. hydraulic, environmental, and biotadjifields An often quoted
example isstock markefluctuations— T SE 100

Stock market

Nasdaqg

stock price§ follows Black-Scholes model

d§ = 4Sdt + 0SdW,
——

O is the stock/@atility , 4 is the
stock . and Bt is a Brownian
motion. Wt IS wiener{arocess

SHANGHAI STOCK EXCHANGE
From January 2008 to 22 June 2007
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1 Brownian motion

Langevin equation is stochastic
differential equationn statistic
physic describing Brownian
motion

d
—t=uty) + ot yt>—
t —— dt

dB
W, = /dt Wt is wiener process

E{y(t +h) - y(t)|y(t) = v}

ut, %) = Lim

Deterministic Process (red), Stochastic Process (green)
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1 Brownian motion --- Schemes

1) Fokker-Planck equatigmvhich provides a deterministic
equation satisfied by the time dependent probgbilit
density.(path integrationNumerical; Analytical)

2) numerical solutions to capture the trajectoriegdr) o

3) Fully Monte Carlosimulation

4) Schrodinger equatiofguantum mechanigs

Shoreline

Brownian

)E.
-

— Evolution

Motion




2 One-line coastal recession model

Only longshore transport component considered amtiloution
The general equation for the deterministic process

dy(xt) __ 1 g (xt) x
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2 Ito Stochastic shoreline evolution
model

Random fluctuations, such as rapid environmentahghs, affect
the system through external parameters. Erosi@caretion is a
complex process consisting of many components gsetave
storm, tidal, currents, etc. Trying to integratetladse processes
Into a physical model seems to be hopeless.

H, =K, +0¢(t)

Based on one-line determinstic model, we have

3/2 —1/2a1 1 d(sin2a,) H
d 0X

1
ql _glowg
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2 Ito Stochastic shoreline evolution model

With a random variables wave height and boundanglition

H¥?=H,6 H, =K, +W(t) D=CK

\Y m

0<C, <1

Which is astandard random differential equation with a
iInput term and random initial condition

W, is a Brownian motion in physic, called by Wieneogess

W denotes for a white noiseThe variance 1®
dt AN s oA B Ne .

ATV



2 Ito Stochastic shoreline evolution model

Substitute one-line model to random differentialaopn, then

a random process model of shoreline position can be given

dygt@t) =K, +W®)]ay,t); W(t)~ N0 D)

Ay, t) = % 0.9y, (sin2a, ™ —sin2a,') /(Axd.)

Transfer function

Which can be reformulated as .
AN e oA B Ne s
VTV

dy(x,t
D = oy, 0K, +GH.OVO  here G(y.1) Sty

&




2 Ito Stochastic shoreline evolution model

Above equation is equivalent (see Soong, 1973) to theasoch
|to equation

dy(x,t) = ¢(y,t)K dt + G(y,t)dB(t)
dt

E{dBM)} =0 E{dB®)]’|= 2D

which D is the entry of the covariance parameter of the white
noise process



3 Euler-Maruyama scheme

Euler-Maruyama scheme (Kloeden et al. 1994) of Ito
equation (9) can be given by Monte Carlo sampling to obtain
shoreline trajectory

Y, =Y+ (Y, DK AL+ Gy, D)][W(r,) -W(T,))]

Koy, At + /DAy, AN (OD) - RREP
C= <] i o e e e
Ay 3006
In order to obtain the statistical characteristics of el
position including their mean and variance based on a larg
number of Brownian paths in the numerical experimenmtti®

longshore transport.




4 SDE - Fokker Planck Equation

It is known that system described by equation (9) has a transition
PDF (refer to Soong, 1973), satisfies Hokker-Planck equation

ap(y.t) _
ot

: 192 :
—a—y[w(y,t)Kmp]+§W[(GDG )]

Therefore the problem of determining the probability density is
transformed into the problem of solving above partial differential
equation.

Initial and boundary condition

. P(Y:to) = Po(y)
J, " ply.t)dy =1 P(Yinar 1) =0

P(Yrmins 1) =0

normalization condition



4 results given by numerical model

1) a single long jetty 2) a rectangular beach nounsnt
long sh D=y g i siele st é’DlawHesuIts‘ |2 j t ‘ onteCarla lermek Dizplaying the shoreline position DrawHesuIts |2 j it ‘ MonteCarla
waveheght [ [3xs0 NNNNNNENNEEEEN ooz FreslemTspe 1l waveheight [ [350  MEMNNNNNEEENEN oo IR g 1
300 -
-300 -300

The behaviour of the model is evaluated by applyting)
two simple shoreline configurations



4 results given by numerical model
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4 Results PDF in 3d space at 80th cell

pdf evolution with time at 80th cell

~Fig. 7b The coutours of PDF at 80th

pdf evolution with time at 80th cell
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Fig. 7a PDF surface varying with time at cell 80"

Seems like water flowing in a river with a gradistip

The flowin the “river” is not stationary, initiallysichange due torw = a0 50
no deposition at the beginning then drift constaatler time



5 Analytical solution on Fokker-Planck

The numerical solutions of the stochastic modetsnamw more likely to
be obtained without any unnecessary simplificatibi®vever, this type
of model might require an intensive computatiorifdre as the model
need to solve a parabolic partial differential eouma

Under the assumption of small angles

2
ﬂ:c‘j_lwa—z/
ot 0X
2C 1 _
£ = w C —— 3/2,,-1/2
d. w 8,0w9 yoa

For special case, a straight impermeable jettystmet. al., 1987)— = - —

4"":Hwt e_4‘;(.ilwt_ XO\/; erfC XO
T 2,/eH t 2,/eH  t

y(X,,t) =tana,




5 Analytical solution on Fokker-Planck

For a special transect x = :i z 2
Xo erf (2) = joe it

2

AeH t 3 %
y(%.1) =tana o\/j e i —x, tana, + X, tana, [2#. e dy

we should like to explain its derivative with resp® time

2

_ %
dy/dt = tanam/gl;ltw e it

This transformation of the shoreline change rate siecified position,
seems to escalate the complexity of the problemmdtigally, actually this

expression is expected to exhibit more interegtmogerties in the follow
stochastic model




5 Analytical solution on Fokker-Planck

H, =K, +W({) or H, =K, +0¢(t) with £(t)~ N (0]

] r on
dyg):’t) — tanao\/gl_Hw ]_;:W(t)Je 4£[HW+W(t)]t , W(t) — N (O, D)

The best candidate to describe this time varyirtab®r is assumed to
follow some variations of Brownian motion with dnfrocess

&K _4)5(122t — D _4X;Dt
— | HKin g 2k, v(t) = tana,,|—e
u(t) = tana, e (t) o\ 7

&

In the variation of Brownian motion the averagerave ensemble of the
fluctuating force is calculated by deterministiedme model. The deviation
represents the average shoreline position uncgrtairthe motion.




5 Analytical solution on Fokker-Planck

Ito stochastic differential equation (refer to Sgoh973; Gardiner, 2004 )

dy(x,t) = u(t)dt + v(t)dB(t)
Fokker-Planck equation

op(y.t) _ _
ot

one-dimension second-order equation with lineatimeg-dependent drift and
time-dependent diffusion coefficient PDE

0 0° )
oyl p]+a—y2[v t)p)

since the transfer functioni(t) andv(t) are independeny(bf

At a specified position, a more promising and alive exact solution can be
solved by Lie-Algebra approach (Desai and Zwan$y,8; Lo, 2005)



5 Analytical solution on Fokker-Planck

We may define the evolution operator
p(y,t) =U (1) p(y0)

du 0 vl 2
dt(t) SADUM),  U@©) =1 Afl)= _”(t)a_y +v (t)a—y2 U(t) = exp{a(t)a%} exr{y(t);—yz}

a(t) = - j; 1(s)ds (t) = _[;vz(s)e”‘s)ds

Solution is Gaussion type with time-varying meaifit)  iarmce y(t)

o(y.1) = exr{a(t)ﬂ xex{y(t)—a z}p(ym
y oy
_ a -1/2 % Ymax _ (Z_ y)2

) w2 _(z-(y+a@®)f
= (4ny(t)) jy p(z,0) exr{ 20 dz



5 Analytical solution

Jetty case
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5 Analytical solution on Fokker-Planck
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5 Analytical solution on Fokker-Planck

With the possibility of a highly variable wave chte, the difficulties of
developing accurate predictions of maintenanceislonrent requirement are
not surprising. Stochastic differential equationymeovide more qualitative
iInformation on beach profile relative to mainteranequirements.

Rectangular beach fill  (Dean, 1984 )




5 Analytical solution on Fokker-Planck

Nourishment beach fill

10 \od 10 years later
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5 Summary on Analytical scheme

2

X0
Drift u(t) = tana ‘/éj(t g 4ot

Diffusion D -
v(t) = tanam/;e 4Dt

SDE Ito
dy(x,t) = u(t)dt + v(t)dB(t)
0 t)

FPE S —[ (t)p]+—[v VP

Solution _ vz e _(z=(y+a®))
Dy, = (@70) % " p(z,O)exr{ v+ }dz

Angle P50 =k _g(y,t00(@) + (3, O @W(E) + K93, 00 OW4 (0




5 Liouville shoreline evolution model

Substitute one-line model to random differential equation, then a
random process model of shoreline position can be given

dy(x.t)
=-H , X1
J(y,t)= 1—16pwg3/231(5in Zabi_l —sin 20’bi ) /(AX) Transfer function

In order to employ Liouville model Which can be
reformulated as

(dZ , , 1 Yo
((jf Y= Ly, % H,) Z(x,t):{l)_/l(x t)} L:m Zo_{HW}

w

Z(x0) = Z, n(y.t) =H,{(y.t)




5 Liouville shoreline evolution model

Mathematical methods for determining the solution procgss

governed by equation (18) are available following Liouville
equation (Syski, 1967; Soong, 1973)

A differential equation for the joint PDF of y(t) and H
Py, (Y(E), 1)

s, (¥: 0 1) 017y, t) P, (Y210, ]
ot oy

0




5 Liouville Shoreline Evolution model

The probability density flow does not have sources, means
on(y,t)/oy=0 (Shvidler and Karasaki, 2003)

Eqg. (9) can be simplified by a one-dimensional advection

0 hot) . 0 ht
Py, (Y )+Y(hw,t) Py, (Y:hy, 1)
ot oy

=0

Y(h,,t) =0n(y,t)/dy is the ‘velocity’ of the response for a prescribed

h, called advecting velocity coefficient

which means shoreline travels by this velocity

Pw, (¥:h,,t) is numerically solvable



6 Conclusions

Shoreline random evolution can in principle be bt using the
formalism and techniques that are available forieglstochastic
partial differential equations (SPDE) , probabidisolution of
shoreline was transferred to be a deterministieihtial equation

Comparing the results with some other solutionsi&grministic or
stochastic approach, very similar trend and redserdistributions
have been predicted. It is shown that the proposedom models can
reflect the effects of uncertainties of parame#erd boundary condition
on the shoreline position and with further extensian be used for
predictive purpose



6 Conclusions

If the exact solution in closed form for the otkddferent beach situations
and the differential term of shoreline change aisted, density
function can be derived following above solvinggedure.
Additionally, if wave breaking angle is not smalg explicit expression
on shoreline change rate for this special case;wikihardly solved by
this analytical approach.

However, the complexity of beach change implies tesults obtained
from an analytic model should be interpreted wahecand with
awareness of the underlying assumption. AnalytigtEms of
mathematical models can not be expected to praydatitively
accurate results in situations involving complexiary conditions
and complex wave inputs, deriving a non-linear lséstic differential
equation, in that case, a numerical model of ststachahoreline
evolution would usually be more appropriate.
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